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Part A: Answer all the following questions. Each carries one mark. 

Choose the Correct Answer. 

1. The number of zero divisors of ℤ13 is________. 

(a) 0   (b) 1        (c) 12    (d) 13 

2. The number of positive integers less than 12 and relatively prime to 12 is ____. 

(a) 11  (b) 6       (c) 4   (d) 1 

3. Let 𝐹 be the field of quotients. The multiplicative identity of 𝐹 is _____. 

(a) [(1,1)] 

(b) [(1,0)] 

(c) [(0,1)] 

(d) [(0,0)] 

4. The sum of  𝑓(𝑥) = 2𝑥2 + 3𝑥 + 4 and 𝑔(𝑥) = 3𝑥2 + 2𝑥 + 3 in ℤ6[𝑥] is ____. 

(a) 5𝑥2 + 5𝑥 + 7 

(b) 5𝑥2 + 5𝑥 + 6 

(c) 𝑥2 + 𝑥 + 7 

(d) 5𝑥2 + 5𝑥 + 1 

5. Which of the following is irreducible over ℚ? 

(a) 𝑥 − 2 

(b) 3𝑥 − 6 

(c) 𝑥2 − 3 

(d) 𝑥2 − 1 

Fill in the Blanks. 

6. ________ is a field of quotient of ℤ. 

7. ________ is a field of quotient of ℝ. 

8. The polynomial 𝑥2 − 2 is __________ over ℚ. 

9. The number of zeros of 𝑥3 + 2𝑥 + 2 in ℤ7 is______. 

10. An ideal < 𝑝(𝑥) >≠ {0} of 𝐹[𝑥] is maximal if and only if ___________. 

         (10 X 1 = 10 marks) 

Part B: Answer any eight questions. Each carries two marks. 

11. Give an example of an integral domain which is also a field.  

12. State Little Fermat’s theorem. 

13. Find the product (2, 3)(3, 5) in ℤ5 × ℤ9. 

14. State Division algorithm for 𝐹[𝑥].                                                                                     (PTO) 



15. Let D be an integral domain. Two elements (𝑎, 𝑏) and (𝑐, 𝑑) in 𝑆 = {(𝑎, 𝑏): 𝑎, 𝑏 ∈

𝐷, 𝑏 ≠ 0} is equivalent if and only if 𝑎𝑑 = 𝑏𝑐. Show that this is an equivalence relation. 

16. Define ring of polynomials and give an example. 

17. Find product of 𝑓(𝑥) = 𝑥 + 1 and 𝑔(𝑥) = 𝑥 + 1 in ℤ2[𝑥]. 

18. Show that 𝑥2 − 2 ∈ ℚ[𝑥] has no zeros in ℚ. 

19. What is kernel of homomorphism? 

20. Find all 𝑐 ∈ ℤ3 such that 
ℤ3[𝑥]

<𝑥2+𝑐>
 is a field. 

(8 x 2 = 16 marks) 

Part C: Answer any six questions. Each carries four marks. 

21. Show that ℤ2 is an integral domain but 𝑀2(ℤ2) has divisors of zero. 

22. Let H be a subring of the ring R. Prove that multiplication of additive cosets of H is 

well defined by the equation (𝑎 + 𝐻)(𝑏 + 𝐻) = 𝑎𝑏 + 𝐻 if 𝑎ℎ ∈ 𝐻 and ℎ𝑏 ∈ 𝐻 for all 

𝑎, 𝑏 ∈ 𝑅 and ℎ ∈ 𝐻. 

23. Factorize the polynomial 𝑥4 + 3𝑥3 + 2𝑥 + 4 ∈  ℤ5[𝑥]. 

24. Let 𝐹 be the field of quotients. Then prove that [(0, 1)] is an identity element for 

addition in F. 

25. Find the sum and product of 𝑓(𝑥) = 2𝑥2 + 3𝑥 + 4 and 𝑔(𝑥) = 3𝑥2 + 2𝑥 + 3 in ℤ6[𝑥]. 

Find all zeros of the polynomial 𝑓(𝑥)𝑔(𝑥) where 𝑓(𝑥) = 𝑥3 + 2𝑥2 + 5 and 𝑔(𝑥) =

3𝑥2 + 2𝑥 in ℤ7. 

26. If 𝑝(𝑥) is irreducible in 𝐹[𝑥] and 𝑝(𝑥) divides 𝑟1(𝑥)𝑟2(𝑥) … 𝑟𝑛(𝑥) for 𝑟𝑖(𝑥) ∈ 𝐹[𝑥], 

then prove that 𝑝(𝑥) divides 𝑟𝑖(𝑥) for at least one 𝑖. 

27. Prove that in the ring ℤ𝑛, the divisors of zero are precisely those nonzero elements that 

are not relatively prime to 𝑛.  

28. Prove that a field contains no proper ideals.      

(6 x 4 = 24 marks) 

Part D: Answer any two questions. Each carries fifteen marks. 

29. (a) Prove that every field is an integral domain.  

(b) Prove that every finite integral domain is a field. 

30. (a) State and prove Little Fermat’s theorem. 

(b) Show that for every integer 𝑛, the number 𝑛33 − 𝑛 is divisible by 15. 

31. Prove that an ideal < 𝑝(𝑥) >≠ {0} of 𝐹[𝑥] is maximal if and only if 𝑝(𝑥) is irreducible 

over 𝐹. 

(2 x 15 = 30 marks) 


