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SECTION A: Answer the following questions. Each carries two marks. 

(Ceiling 25 marks) 

 

1. Prove that if 𝑡 > 0, there exists 𝑛𝑡 ∈ ℕ such that 0 <
1

𝑛𝑡
< 𝑡. 

2. State Comparison Test. 

3. Define closed set in ℝ and give an example. 

4. Show that the set 𝐼 = [𝑎, 𝑏] is not open. 

5. Give an example for Nested Intervals. 

6. Show that the sequence (𝑛) is divergent. 

7. If 𝑋 = (𝑥𝑛)  is a convergent sequence and if 𝑎 ≤  𝑥𝑛 ≤ 𝑏 for all 𝑛 ∈ ℕ, then prove that 

𝑎 ≤ lim (𝑥𝑛) ≤  𝑏. 

8. Show that the sequence ((−1)𝑛) is divergent. 

9. Give an example of a countable collection of finite sets whose union is not finite. 

10. Show that the set {2𝑛: 𝑛 ∈ ℕ} of even natural numbers is denumerable. 

11. If 𝑢 and 𝑏 ≠ 0 are elements in ℝ with 𝑢 . 𝑏 = 𝑏, then prove that 𝑢 = 1. 

12. Determine the set 𝐵 =  {𝑥 ∈ ℝ ∶  𝑥2 + 𝑥 > 2}. 

13. State Cauchy Convergence Criterion. 

14. Check the convergence of the series ∑ (−1)𝑛∞
𝑛=0 . 

15. Define compact set and give one example. 

 

SECTION B: Answer the following questions. Each carries five marks. 

(Ceiling 35 marks) 

 

16. Suppose that 𝑆 and 𝑇 are sets and that 𝑇 ⊆ 𝑆. If 𝑇 is an infinite set, then prove that 𝑆 is 

an infinite set.  

17. Prove that if 𝐾 is a compact subset of ℝ, then 𝐾 is closed and bounded. 

18. Illustrate with an example that the union of infinitely many closed sets in  ℝ need not 

be closed. 

(PTO) 



 

19. Let 𝑎, 𝑏, 𝑐 be any elements of ℝ.  

(a) If a > b and b > c, then prove that a > c.  

(b) If a > b, then prove that a + c > b + c.  

(c) Prove that if a > b and c > 0, then ca > cb and if a > b and c < 0, then ca < cb. 

20. Show that if 0 < 𝑏 < 1,  𝑙𝑖𝑚(𝑏𝑛) =  0 by using the definition of limit. 

21. Show that if 𝑐 >  1, then lim (𝑐
1

𝑛 ) = 1. 

22. Check the convergence of alternating harmonic series. 

23.  (a) Define a divergent sequence.  

 (b) Show that the sequence 𝑆 =  (𝑠𝑖𝑛 𝑛) is divergent. 

 

SECTION C: Answer any two questions. Each carries ten marks. 

24. State and prove Monotone Convergence Theorem. 

25. (a) If  𝑋 = (𝑥𝑛) converges to 𝑥 and   𝑍 = (𝑧𝑛) is a sequence of nonzero real numbers 

that converge to 𝑧 and if 𝑧 ≠ 0, then show that the quotient sequence 𝑋/𝑍 converges to 

𝑥/𝑧.  

(b) If 𝑋 = (𝑥𝑛) is a convergent sequence of real numbers and if 𝑥𝑛 ≥ 0 for all 𝑛 ∈ ℕ, 

then prove that  𝑥 = lim(𝑥𝑛) ≥ 0 

26.  If (𝑥𝑛) is a bounded sequence of real numbers, then prove that the following 

statements for a real number 𝑥∗ are equivalent. 

a) 𝑥∗ = lim sup(𝑥𝑛) . 

b) If 𝜀 >  0, there are at most a finite number of 𝑛 ∈ ℕ such that 𝑥∗ + 𝜀 < 𝑥𝑛, but an  

infinite number of 𝑛 ∈ ℕ such that 𝑥∗ − 𝜀 < 𝑥𝑛. 

c) If 𝑢𝑚 = sup{𝑥𝑛: 𝑛 ≥ 𝑚} then 𝑥∗ = 𝑖𝑛𝑓  {𝑢𝑚: 𝑚 ∈ ℕ} = lim (𝑢𝑚). 

d) If 𝑆 is the set of subsequential limits of (𝑥𝑛), then 𝑥∗ = sup 𝑆. 

27. Prove that a subset of ℝ is open if and only if it is the union of countably many disjoint 

open intervals in ℝ. 

 

(2 x 10 = 20 Marks) 

 

 


