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Part A: All questions can be answered. Each carries one weightage (Ceiling 6 weightage). 

1. Let 𝐴 be a linear transformation from the vector space 𝑅  to 𝑅 . Prove that ǁ𝐴ǁ < ∞. 

2. Compute the directional derivative of 𝑓: 𝑅 → 𝑅 defined by 𝑓(𝑥, 𝑦) = 𝑥𝑦, at (𝑢, 𝑣) in the 
direction of (𝑎, 𝑏). 

3. Illustrate using an example that the parametrization of a given level curve need not be 
unique. 

4. Compute the curvature of the curve 𝛾(𝑡) = ( cos 𝑡 , 1 − sin 𝑡 , cos 𝑡) . 

5. Check whether 𝜎(𝑢, 𝑣) = (𝑢, 𝑣, 𝑢𝑣) is a regular surface patch. 

6. Compute the first fundamental form of the plane 𝜎(𝑢. 𝑣) = 𝑎 + 𝒑𝑢 + 𝒒𝑣 . 

7. Define Weingarten map. 

8. If 𝑘  and 𝑘  are the principal curvatures of a surface S, then show that the mean curvature 

of the surface is  . 

Part B: All questions can be answered. Each carries two weightage (Ceiling 12 weightage). 

9. Let X be an n-dimensional vector space. If 1 ≤ 𝑟 ≤ 𝑛 and {𝑦 , 𝑦 , … . . , 𝑦 } is an 
independent set in 𝑋, then prove that 𝑋 has a basis containing {𝑦 , 𝑦 , … . . , 𝑦 }. 

10. State and prove the Contraction Principle. 

11. Prove that a linear operator 𝐴 on 𝑅𝑛 is invertible if and only if det [A] ≠ 0. 

12. Calculate the arc length of a logarithmic spiral 𝛾(𝑡) = (𝑒 cos 𝑡,𝑒 𝑠𝑖𝑛𝑡) starting at the 
point 𝛾(0) = (1,0), where 𝑘 is a non-zero constant. 

13. Let 𝛾 be a unit-speed curve in 𝑅  with constant curvature and zero tension. Prove that 𝛾 is 
a parametrization of a circle or part of a circle. 

14. Define an orientable surface in 𝑅 . Prove that Mobius band is not an orientable surface. 

15. Compute the second fundamental form of the elliptic paraboloid                       
𝜎(𝑢, 𝑣) = (𝑢, 𝑣, 𝑢 + 𝑣 ). 

(P.T.O.) 



16. Prove that the Weingarten map is self-adjoint. 

17. Find the principal curvatures of the unit cylinder represented by the surface patch 𝜎(𝑢, 𝑣) =

(cos 𝑣 , sin 𝑣 , 𝑢). 

 

Part C: All questions can be answered. Each carries six weightage (Ceiling 12 weightage). 

18. a) Prove that the set of all invertible linear operators on 𝑅  is an open subset of  𝐿(𝑅 ). 

b) State and prove the chain rule for differentiation of functions of several variables. 

19. State and prove the Inverse Function theorem. 

20. Let 𝛾: (𝛼, 𝛽) → 𝑅  be a unit speed curve, let 𝑠   ∈ (𝛼, 𝛽) and let 𝜑  be such that    
𝛾 ̇ (𝑠   ) = (cos 𝜑 , sin 𝜑 ). Then prove that there is a unique smooth function     
𝜑: (𝛼, 𝛽) → 𝑅 such that 𝜑(𝑠   ) = 𝜑  and that the equation 𝛾 ̇ (𝑠) = (cos  φ(s) , sin  φ(s) 
holds for all 𝑠 ∈ (𝛼, 𝛽). 

21. a) Let 𝜎(𝑢, 𝑣)  be a surface patch with first and second fundamental forms                    
𝐸𝑑𝑢 + 2𝐹𝑑𝑢𝑑𝑣 + 𝐹𝑑𝑣  and 𝐿𝑑𝑢 + 2𝑀𝑑𝑢𝑑𝑣 + 𝑁𝑑𝑣  respectively. Then prove that the 

Gaussian curvature 𝐾 and the mean curvature 𝐻 are 𝐾 =
( )

 and                            

𝐻 =   respectively. 

 
   b) Compute the mean curvature and Gaussian curvatures of the surface of revolution 

𝜎(𝑢, 𝑣) = (𝑓(𝑢) cos 𝑣, 𝑓(𝑢) sin 𝑣, 𝑔(𝑢)) where 𝑓 > 0  and 𝑓̇ + �̇� = 1 everywhere            

(a dot denoting ). 

 


