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Part A: Answer all questions. Each carries 1 weightage. 

1. Define a metric space. Let 𝑋 be an infinite set. For 𝑝 ∈ 𝑋 and 𝑞 ∈ 𝑋, define  

𝑑(𝑝, 𝑞) =  {
1, 𝑖𝑓 𝑝 ≠ 𝑞
0, 𝑖𝑓 𝑝 = 𝑞

. Prove that 𝑑 is a metric. 

2. Define an interior point, open set and a neighborhood. Prove that every neighborhood is 

an open set. 

3. Let 𝐴 be the set of all sequences whose elements are 0 and 1. Prove that 𝐴 is 

uncountable. 

4. Discuss the continuity/discontinuity behavior of the function 𝑓 defined by  

𝑓(𝑥) =  {
1, 𝑖𝑓 𝑥 𝑖𝑠 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙

   0, 𝑖𝑓 𝑥 𝑖𝑠 𝑖𝑟𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙
 

5. Let 𝑓 be defined for all real 𝑥 and suppose that |𝑓(𝑥) −  𝑓(𝑦)| ≤ (𝑥 − 𝑦)2 for all real 𝑥 

and 𝑦. Prove that 𝑓 is a constant. 

6. If 𝐾 is a compact metric space and 𝑓𝑛  ∈  𝒞(𝐾) for 𝑛 = 1,2,3, …, and if {𝑓𝑛} converges 

uniformly on 𝐾, then prove that {𝑓𝑛} is equicontinuous on 𝐾. 

7. Prove that every uniformly convergent sequence of bounded functions is uniformly 

bounded. 

8. State Stone-Weierstrass Theorem and define a sequence of real polynomials 𝑃𝑛 in [𝑎, 𝑏] 

such that 𝑃𝑛(0) =  0 and lim
𝑛→∞

𝑃𝑛(𝑥) = |𝑥|. 

  

(8 × 1= 8 weightage) 

 

(P.T.O.) 



 

Part B: Answer any two questions from each unit. Each carries 2 weightage 

 

Unit 1 

9. If 𝑋 is a metric space and 𝐸 ⊂ 𝑋, then prove the following. 

a. 𝐸̅ is closed. 

b. 𝐸 =  𝐸̅, if and only if E is closed. 

c. 𝐸̅  ⊂ 𝐹 for every closed set  𝐹 ⊂ 𝑋 such that 𝐸 ⊂ 𝐹. 

10. Define a compact set and give an example. Prove that compact subsets of metric spaces 

are closed. 

11. Define a connected set and give an example. Let 𝐸 be a subset of the real line 𝑅1. Prove 

that 𝐸 is connected if and only if it has the property: If 𝑥 ∈ 𝐸, 𝑦 ∈ 𝐸 and 𝑥 < 𝑧 < 𝑦, 

then 𝑍 ∈ 𝐸. 

Unit 2 

12. Suppose 𝑓 is continuous on [𝑎, 𝑏], 𝑓′(𝑥) exists at some point 𝑥 ∈ [𝑎, 𝑏], g is defined on 

an interval I which contains the range of 𝑓, and 𝑔 is differentiable at the point 𝑓(𝑥).      

If ℎ(𝑡) =  𝑔(𝑓(𝑡)) where 𝑎 ≤ 𝑡 ≤ 𝑏, then prove that ℎ is differentiable at x and 

ℎ′(𝑥) =  𝑔′(𝑓(𝑥))𝑓′(𝑥). Using this find the derivative of the function 

ℎ(𝑥) =  𝑡𝑎𝑛−1(√cos 𝑥). 

13. Define Riemann Stieltjes integral. If 𝑓1(𝑥)  ≤  𝑓2(𝑥) on [𝑎, 𝑏], then prove that 

∫ 𝑓1𝑑𝛼 ≤ ∫ 𝑓2𝑑𝛼
𝑏

𝑎

𝑏

𝑎
. 

14. Show that 𝑓′ need not be continuous even if 𝑓 is a differentiable function using an 

example. 

Unit 3 

15. If 𝛾′ is continuous on [𝑎, 𝑏], then prove that 𝛾 is rectifiable and ᴧ(𝛾) =  ∫ |𝛾′(𝑡)|𝑑𝑡.
𝑏

𝑎
 

16. If 𝐾 is a compact metric space and 𝑓𝑛  ∈  𝒞(𝐾) for 𝑛 = 1,2,3, …, and if {𝑓𝑛} is pointwise 

bounded and equicontinuous on 𝐾, then prove that {𝑓𝑛} contains a uniformly 

convergent subsequence. 

17. Let 𝛼 be monotonically increasing on [𝑎, 𝑏]. Suppose 𝑓𝑛 ∈ 𝕽(𝜶) on [𝑎, 𝑏], for n = 

1,2,3,…, and suppose 𝑓𝑛 → 𝑓 uniformly on [𝑎, 𝑏]. Then prove that 𝑓 ∈ 𝕽(𝜶) on [a,b] 

and  ∫ 𝑓𝑑𝑥
𝑏

𝑎
=  lim

𝑛 →∞
∫ 𝑓𝑛𝑑𝑥

𝑏

𝑎
. 

(6 × 2 = 12 weightage) 

 



 

Part C: Answer any two questions. Each carries 5 weightage. 

18. Let 𝑓 be a continuous mapping of a compact metric space 𝑋 into a metric space 𝑌. Then 

prove that 𝑓 is uniformly continuous on 𝑋. 

19. Suppose 𝑓 is bounded on [𝑎, 𝑏], 𝑓 has only finitely many points of discontinuity on 

[𝑎, 𝑏] and 𝛼 is continuous at every point at which 𝑓 is discontinuous. Then prove that 

𝑓 ∈ ℜ(𝛼). 

20. State and prove the fundamental theorem of Calculus. 

21. Suppose 𝑓𝑛 → 𝑓 uniformly on a set 𝐸 in a metric space. Let 𝑥 be a limit point of 𝐸 and 

suppose that lim
𝑡 →𝑥

𝑓𝑛(𝑡) =  𝐴𝑛  for n=1,2,3,… Then prove that {𝐴𝑛} converges and 

lim
𝑡 →𝑥

𝑓(𝑡) =  lim
𝑛→∞

𝐴𝑛 . Check whether the sequence 𝑓𝑛(𝑥) =  
𝑥2

 𝑥2+(1−𝑛𝑥)2, 0 ≤ 𝑥 ≤ 1,

𝑛 = 1,2,3, … is uniformly convergent. 

(2 × 5 = 10 weightage) 

 

 

 


